CS 4649/7649
Robot Intelligence: Planning

Partially Observable MDP

Sungmoon Joo

School of Interactive Computing
College of Computing
Georgia Institute of Technology

S. Joo (sungmoon.joo@cc.gatech.edu) 11/25/2014
|__Some slides adapted fram Dr Mike Stilman’s lecture slides

Administrative

e Three lectures left
- Nov. 25t : POMDP and Summary of Planning under Uncertainties
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Reality

Two Sources of Error
* Sensing & State Estimation - Uncertainty
— Sensors have noise
— You don't know exactly what the state is (e.g. mapping, localization,...)

e Action Execution - Uncertainty

— Your actuators do not do what you tell them to

— The system responds differently than you expect
: Friction gears, air resistance, etc.
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Reality

OBSERVATIONS

(uncertainty

WORLD + AGENT

ACTIONS
(uncertainty)

GOAL = Selecting appropriate actions
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Reality

/ State Estimation

WORLD + AGENT

ACTIONS

MDP i (uncertainty) |
GOAL = Selecting appropriate actions
\ Plan, (Control) Policy
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WORLD + AGENT

ACTIONS
i (uncertainty)

GOAL = Selecting appropriate actions
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Markov Decision Process (MDP)

« States T = {s1....5n} Actions A = {aq,....anm}
» Rewards R = {r(a;.s;)}

« Transition Model

P(s

a.s) : P(next = s'| current = s and action = a)

Action Uncertainty
Mathematical Frameworks /

Markov Chain Markov Decision Process
Observation -Markov Property (MDP)
Uncertainty
~——— Hidden Markov Model Partially Observable MDP
(HMM) (POMDP) <— Both
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POMDP
MDP

« States T = {s1,...5n} Actions A = {aj.....,am}

* Rewards R = {r(a;. sj)} Uncertainty about action outcome

« Transition Model /

P(s'|a.s) : P(next = 5’| current = s and action = a)
Uncertainty about the state due to
+ Observations 2= {01,...,0,} imperfect observation

+ Observation Function (Probability of observation "o0” in state "s")

P(ols)

Don’t get to observe the state itself, instead get sensory measurements
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State Estimation — Belief State

» A belief state } is a probability distribution over MDP states

« Belief states have a transition model

b'(5) = P(s|o.a,b)
(ex. Kalman Filter)

= Planning in terms of belief states is
a high-dimensional MDP where
states are belief states

« POMDP is a continuous n-dimensional
state space where n = # of MDP states
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Belief States: Example
Kalman Filter: Gaussian(Mean & Covariance)
(underlying state space) (belief space)
X
> 0
; 3 ; k]
Continuous Belief States
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POMDP

OBSERVATIONS
(uncertainty

WORLD + AGENT

ACTIONS
(uncertainty)

GOAL = Selecting appropriate actions
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POMDP

Qom@ nents:

Set of states: s&ES }
Set of actions: aEA mMDP
Set of observations: 0EQ

POMDP parameters:
Initial belief: by(s)=Pr(S=s)
Belief state updating: b’(s”)=Pr(s’|o, a, b)
Observation probabilities: O(s’,0) =Pr(o|s’)
Transition probabilities: T(s,a,s”)=Pr(s’|s,a)

Rewards: R(s,a) } MDP
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POMDP

* Probability distributions over
states of the underlying MDP

.‘M (i.e. belief state)

* The agent keeps an internal
belief state, b, that summarizes
its experience(observation &
control input history). The agent
uses a state estimator, SE, for
updating the belief state b’ based
on the last action a t-1, the
current observation o at t, and the
previous belief state b at t-1.

Observation
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Converting POMDP to Belief-States MDP

+ Belief MDP State is a probability distribution over states of MDP
- e Belief MDP state

= State Transitions: b’{;_’} = P(s'
A

Current belief distribution

MDP state | Previous belief distribution

Current observation i i
Previous action
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Converting POMDP to Belief-States MDP

= Belief MDP State is a probability distribution over states of MDP

+ State Transitions: ¥(s,) = Pls,lo.a,b)

MDP Transition Function

Observation Probability

1

%o Plols,) 35 T(s2,a,51)b(s,)
_SZPIG|S=3] T‘ T(s3,a,s2)b(s3]]

Y]

Normalizing Factor

Previous Belief State
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Converting POMDP to Belief-States MDP

= Belief MDP State is a probability distribution over states of MDP

s State Transitions: ¥(s,) = Pls,|e.a,b)

P(O|52, a, b) _ P(O|52) — P[U|S2 S, b) Pl:521 |G- b::' P(‘S'a" b(é)) = b(b)

Observation only _ | P(o|a,b)
Depends on state T P[O|S2 1us1 P[Sj a.b,s, )P(s, |c1__E:]
P(ss]a,b) = P(s]a,b, 5)P(s[a,b ) P(ola, b)

Total Probability Theorem |—

Exercise: Prove it!
ﬂ|s2 13 T(“Q;G-SJ]E?{SI]

Plola.b) = ZP ols)P(slah ) E-sz P(o|s2)[>_,, T(s3, a, 52)b(s3)]

= ZP ols {ZP sla,b,s")P(s'|a,b(s"))}
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Total Probability

If {B,: n = 1,2,3...} is a finite or countably infinite partition of a sample space,
and each event B, is measurable, then for any event A of the same probability
space, the following holds

Pr(A) =Y Pr(ANB,)=>» Pr(A|B,)Pr(B,)=E[Pr(A|B)]

The T.P. can also be stated for conditional probabilities. Taking the B, as above
, and assuming C is an event independent with any of the B,

Pr(A[C)=> Pr(A|CNB,)Pr(B,|C) =) Pr(4|CnNB,)Pr(B)

n
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Converting POMDP to Belief-States MDP

» Belief MDP State is a probability distribution over states of MDP

+ State Transitions: 3'(s,) = P(s,|o0,a,b)
_ Plols,,a,b)P(s,|a,b)
Plo|a,b)
_ P(ols,) Zs,‘ P(s,|a, b, s;)P(sp|a, b)
P(o|a, b)
_ P[Ulsg:’Zs, T(s3,a,51)b(s,)
FPlola,b)
B Plo|s,) 35 T(s2,a,51)b( )

2. Plolsa)[>, T(ss,a,s2)b(s3)]
Definition of T S R
Definitionofb  ~ _———
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Converting POMDP to Belief-States MDP

» Belief MDP State is a probability distribution over states of MDP

+ State Transitions: V(s,) = P(s,]o, a,b)
Plo|s,) > s, T(s2,a,51)b(s,)
3, Plolsa)[3,, T(sa, a, 51)b(sq)]

Y

* | Belief State Rewards:  R(a,b) = _ r(a, s)b(s) \

= State Estimation

Expected Rewards of Original MDP
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POMDP to MDP

+ States B = {bi} Actions A = {a1.....,am}

- Observations = {o1.....0n}

« Rewards £i(a.b)= Z?‘(a. s)b(s)

5
Action update
+ Transition Model b'(s"y = P(s']o,a,b)
P(o|5’]‘zs P(s'|a, SJb[:SJ‘
P(ola, b)
Same as previous slide — just simplified notation
S. Joo (sungmoon.joo@cc.gatech.edu) 11/25/2014 20
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POMDP to MDP

+ States B = {bi} Actions A = {a1.....,am}

- Observations = {o1.....0n}

« Rewards £i(a.b)= Z?‘fa. s)b(s)

]
+ Transition Model v'(s) = P(s'|o,a,b)
_ |P(o|s') >, P(s'|a,s)b(s)
_ P(ola,b
Observation — (ofa, b) ‘
update Same as previous slide — just simplified notation
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POMDP Example
r(A1,51) =2 P(01|S1) = 0
r(Al1,52) =1 P(01)52) = 5
r(A2,51) =1 P(0O2|51) =1
r(A2,52) =3 P(02|52) = 5
We will use a vector: [P, P;] torepresent a belief state:
b(s1) =P, b(52)=P,=1-P,
S. Joo (sungmoon.joo@cc.gatech.edu) 11/25/2014 22
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POMDP Example

Al 51) =12 L - i
#(d1,52) =1 | P{O1|53) =5 (. )
r(d2,51)=1 P(O%51)=.1 —
r(A2, 52)=3 P(0%52)=35
Rewards:
R(a,b) = 3 _ r(a,s)b(s)
8
R(AL[T 3=2x.7+1x.3=17
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POMDP Example

.
R=17 \ILT ?D

A1
r(d1,51) = 2 [POTS =9
7(A1,52)=1 P(01|57) =3 ( ;
(47,51 =1 P(0251) =1
r(A42,52) =2 P(025%) =5

Rewards: {E54 @

R(a,b) =Y r(a,s)b(s) P(0:1]51)

£}

D]___ i
P(S1]| A1, 51)b(S1)

P(S1]Az1, S2)b(S2)

351

R{AL [T 3))=2x.T+1=x.3 =17

Transitions:
b(s') = P(&o,a,b)
Plo|s') Y Pis'|a,s)b(s)
Piola,b)

Ox (3= T+ 6x.3)
P{O1|A1,b) 305

B (Tx T+ 4x.3)
P{O1|A1,b)

P{O1|Al,b) = .351 + 305 = 656

¥'(S1) = 351/.656 = 54

¥(51) =

b'(S2) =

S. Joo (sungmoon.joo@cc.gatech.edu)
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POMDP Example

P{O1|52) =

P{02|51) =1 P —
P(02)52) =5 o1 \Cf

Rewards: (;3_4_._1@) 6 _1_59) -

(52 (17 3]
£ s R=17 i/_ A2 R(A2.[7.3)) =31
P(01)51) = 8 —E A
{ J i )

(@, b) = rl b B ) .
Ale.®) Z (2, 23(e) b'(S1) = P(S1|02, A1,[.7.3]) = .1134
RiAl, [_.' _3]) =2 T+1x .3=17 (conditioned on A1 and O2)
Transitions:
b'(s'y = P(s'|o,a,b)
Plo|s") >, P(s"|a,s)b(s)
Piola,.b)
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POMDP Example
« Rewards: .
- . H[a,b}=Z?[a,3]b(3J
R(AL [P;Ps]) = 2R +A=2R+(1-R)=F+1 -
R(A2 [P;P,]) B +AR =R +31-R)=3-2R
41,51) =2 [P{O151)=.9
(A1, 5% =1 |P{01|52) =5
A2, 51)=1 P{O51)1=1
S[A1.5%) =3 P(OI52 =35
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POMDP Example

+ Rewards:
R(AL PPy} = 2R +FR=2R+(1-RA)=F +1
R(A2,[P,Py]) = P +3R =P +31-R)=3-2R

« Transitions:

]
=]
1
=]

-(A2 52 =3 P{02]51)

/:

b(s') = ( 0, a,b(s))

Plols’) 3., P(s'|a, 5)b(s)

P(ola,b(s))
P(o|s")P(s'|a,b(s))
P(ola, b(s))

S. Joo (sungmoon.joo@cc.gatech.edu)
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POMDP Example

p(s') = < ‘lo,a,b(s

+ Rewards:
R(AL[P,Py]) = 2R +PA=2R+(1-F)=F+]1
R(A2 [P1Py]) = P +3P =P +31-R)=3-2P

+ Transitions:

P(51/41,[P,Py))

P(51]42, 'P;P: |

(ols") 22,
P(ola,b(s))

P(o]s")P(s'|a, b(s))
P(ola, b(s))

P(S1|41, 51)P. = P(51|41, 52| P,

3P+ 6P = 3P + 61— P
T- 3P
TR+ AR =4+ 3R

AP+ 8RR =8-TH

)
P(s']a, s)b(s)
b

P(52/A2, [P, P, 4P + 2R =1-7R T.P.
S(A1,51)=2 P(O151) =9
[A1,53)=1 P(O1|52) =5
(42,51 =1 P{O51)=21
(A2, 5% =3 P{O52)=.5
S. Joo (sungmoon.joo@cc.gatech.edu) 11/25/2014 28
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POMDP Example

b (s') = P(s'|o,a,b(s))

* Rewards: _ Plols) 30, P(s']a, )b(s)
R(AL[P:P2]) = 2R +PR=2R+(1-R)=FRA+1 - P(ola,b(s)) 1
R{A2. [P1Py]) = B +3Fm =R +31-R)=3—-2P ’

AR S RERERTEITREI Pl P(s/a,b(s)

~|P(dla, b(s))

s Transitions: — —

F(51)A1,[F1Ps]) = P[51|41,51)F = P(51]41, 52| P

= 3P, + 6P =3P+ 61-F)

P(52/A1, [F, Fy))
F(51/A%, [F:P1))
P(52/A2, [P:Py])

F(OLAL [P, Py =

51) =1 {01]51) =|.
(41,52 =1 P(01]52) —
+(43,51)=1 P0O51) =1 "'03—‘\1-:?1Pr:_'
F(42.59) =3 P05 =5 P(01lA%, [P.P2]) =
PiO2AZ B, Py =
S. Joo (sungmoon.joo@cc.gatech.edu) 11/25/2014 29
V(s') = P(s'|o,a,b(s
. Rewards: ( ) ( | s Wy ( )) )
- ; P(ols’ P(s'|a, s)b(s)
R(AL[P.Py]) = 2R +F=2F+(1-R)=F+1 _ (ofs") X5 P(s']a, s)b(s)')
R(A2,[P,Pa]) = R +3Rm=F+31-FA)=3-2R P(ola,b(s))
_ Plols) P(s']a. b(s))
- P(o|a,b(s
» Transitions: (ola, b(s))
| P(51AL[P.Py) = 5-3F)
P(51/A1.OL [PaPs]] = P(O1151|P(S141, [PLP}/P(O1IAL [PLPY]) FETALF.F: = 4<3%,
= 9060 — 30P)/[.T4— 12R) \\ P(51]A%, [PyPs]] = 8-.7HA
= (84— 27R)/[.74— 12F,) . P(S2Az [P,Py) = 2+.7P
F(52JA1, 0L FiPs]| = [20+.15R)/(.74— 12F .
P(51)A2, 01 P,P;]] = (71— 63R)/(52— 23 ..
P(52/A2,0L P,P,]| = [.10+.35FR)/(.82 \\P:OIAL."P,P,'Z —
P(51|A1, 02 [P:Py]] = (06— 03R)/[.26+. FOIALP.Pa =
F(52]A1,02 [F,P,]| = [20+.15R)/(26+ PIO1/AD [PiPs]) =
P;SlA?.G!.:P1P=:| = [.08—07F) /(.18 + P:O!AE_:P,P,:j =
P(52|A2, 02, P:P:]] = (10+ 3R ) 18+ 2

S. Joo (sungmoon.joo@cc.gatech.edu) 11/25/2014 30




How to Solve Belief-State MDP?

+ States B = {bi} Actions A = {a1.....,am}

- Observations = {o1.....0n}

« Rewards £i(a.b)= Z?‘fa. s)b(s)

8
« Transition Model v'(s") = P(s'|o,a,b)
_ P(o|s') >, P(s'|a,s)b(s)
B P(o|a,b)
Same as previous slide — just simplified notation
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Solving a POMDP
s Convert to MDP and then use Value Iteration
« How to use Value Iteration in a Continuous State Space?
Y
ar B ) owm
N
o1 o2 o
- o -/--- --H‘\ /f-_ _-\--\ < _--\-\'
<:_ by, ) o by, j \__51_3__,/1 _EEJ./
V(b) = max[R(a, b) + Z P(b'|a, b)V(b')]
[3 m
S. Joo (sungmoon.joo@cc.gatech.edu) 11/25/2014 32
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Solving a POMDP

« Convert to MDP and then use Value Iteration
» How to use Value Iteration in a Continuous State Space?

(AL [0 1]

R(AL[1 0]

(42,1 0])

R{A1,[0 1])

V(b) = max[R{s. &) + v > P{|a, 6)17(8"]]

0 P,

R{AL [P, Py) = 3 P+1
R(A2,[P; Pi]) = B+3Ph =3-2R

« Property: Value Function is Piece-wise Linear & Convex
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Solving a POMDP: Step1
R(A2.]0 1] (b)) = B 4y f Wb
N [0 1) V(b) = max[R(a, b) +1 Z P(b'|a, b}V (b')]
m
vib) 2T R{AL]1 0] R(AL ;Pl P:;] = IR+ PR
R(A2. [P, Pa]] = P +3R
1 R(AZ 1 0]}
R{A1,[0 1])
0 f ] T1(Alh) = RALE+v-0=2F+ P
Py "1(A2.b) = R{AZLE +v-0=F +3P
« Values are Piece-wise Linear & Convex (Lines or Hyperplanes)
S. Joo (sungmoon.joo@cc.gatech.edu) 11/25/2014 34
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Solving a POMDP: Step1

R(A2.[0 1)) | V(b) = max[R(a, b) +~ 3 _ P(b'|a, )V (5]
=

R{A1L 1 0]) RiAL[P1 P3]) = 2P+ Py
RiA2 [P, Pa) = P +3R
R(AZ 1 0])
(AL L) = R{ALY +~-0=2P+ P
(A2 b)) = R{A2M+v-0=P +3P

= Values are Piece-wise Linear & Convex (Lines or Hyperplanes)

= Another Interpretation of Value Lines = Vectors of Coefficients on Belief

Uy = {[2 ]]__ [1 3]} Crossover?
VilAl b)) = [2 1].[P Py
Vi(A2b) = [13].[P Fy
S. Joo (sungmoon.joo@cc.gatech.edu) 11/25/2014 35

Solving a POMDP: Step1

R(A2.[0 1)

V(b) = max[R(a,b) + vy P(b'|a,b)V(}')]
-

R(A1 1 0]) R(AL[P; P3]) = 2R+ P
R(A%, [Py Py]) = P 43R
_ R{A2.]1 0])
5 — 71(A1h) = R(ALb)++-0=2P + P,
Py '1(A2h) = R(A2,b)+~v-0=P +3P,

» Values are Piece-wise Linear & Convex (Lines or Hyperplanes)

s Another Interpretation of Value Lii

T, ={[2 1],]1 3]} = [13]-[P P

Vi(Alb) = [2 1].[P Pi] 2P +(1— PN Pi+3(1-Py)
Vi(A2.b) = [13].[F Py P =23

= Vectors of Coefficients on Belief

Crossover:

S. Joo (sungmoon.joo@cc.gatech.edu) 11/25/2014 36
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Solving a POMDP: Step2

V(5) = max[R(a,b) + 7 _ P(t']a, Y.

e A2
g o 02 01 02
‘.f[b') =7 C-h;l Cb_‘;) _) hu_/
(a2.0 1)

3

Vib) <
1
Vy(ALB) = [ 1]-[R By
Vi(arb) = [l §-[R A

S. Joo (sungmoon.joo@cc.gatech.edu) 11/25/2014 37

Solving a POMDP: Step2

V(b) = max[R(a,b) + Z P(b'[a, b))V ()] a B
¥ o1 oz o1 02
V(b)) =max,cz(v-h) (J;' @D h‘-> h”——’

A bit of math trickeny:

P(b'|a,b) = P(o|a, b)

b = [P(51|a,0,b) P(52a,o0,b)

y _ (PlelSVP(S1a.6) P(o|52)P(52a,b)
P(o|a, b) Plola,b)

¥ = [P(o|S1)P(S1|a,b) P(o|S2)P(S2]a,b)]

Vie) = ma‘c[R a, b) —WZM __P:;ﬂ"c;:.r]

V(b)) = mfx:ﬁ[a: b) = ’}'Z?ﬂ)’teau:;:(v b ]

Uy ={[2 11.01 3}

= [RIi-A R
Vi(ALB) = [l 5-[A P

S. Joo (sungmoon.joo@cc.gatech.edu) 11/25/2014 38
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Solving a POMDP: Step2

V(b) = max[R(a, b) + 7 Z P(b'|a, )V ("))

V(4) = max|R(a, &) Z ma(v -

TEW

Computing the Values for Action 1

(:_h,:) C by :’

Va(A1,8) = R(A1b) + y(mazx(v by + mas(v by ) RiAZ[0 1)
= L~ 3
b = [P{O1|51)P(S1|Al, 5} P(O1|52)P(S2|A1,5)]
= [054— 27TF 204 .15P] Vb)) < T
by = [06—.03P; 20+ .15P;] 14
R{A1 [0 1))
V(ALY = (P +1)4+7(2 1]-8 +[2 1]-8)=(F +1)+y(L6— 2F) —t—
o o0 1] P 1
or 1
(ALY = (A +14+7(2 -5 +[1 3)-52) = (A + 1)+ (194 — 03R) e a1t a
W(ALE) = (P +1)+([1 3-8 +[2 1]-8) = (P + 1)+ (146 — 27F;) ¥ ={2 1.0t 3}
V(ALY = (R +1)+([1 3-8, +[1 3]-83) = (P +1)+(1.86 — 67 VilALb) = [z 1]-[R R
ViAxB) = [1 3]-[R Py
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Solving a POMDP: Step2
Vib) = max[R(a, b) + v P(¥|a, b)V (8" -
e+ Pl V)
Vi) Rla,b) + Z (v.b' ol g B N o2
(b)) = . oy (v .
b) = max|f(a, ' maz(v-b 2 o1

Computing the Values for Action 1

V2(A1,b) = R(A1, ) + y(max(v b1+ ma(v )

by = [P{O1|51)P(S1|Al k) P(O1|52)P(52|A1, 4]
= [054—2TF .20+ .15P]

&y [06 — 03P, 20+ .15F] Vib)

Ta(ALE) = 2444 73P =317 2.44
ar 4
Ta(Als) = 2.75+1.0P =[3.77 2.7§
Ta(Als) = 2.31+1.2P =356 2.31]
13418 = 2.62415P =[416 2.62] 0 P, i
S. Joo (sungmoon.joo@cc.gatech.edu) 11/25/2014 40

20



Solving a POMDP: Step2

V(b) = max[R(a,b) +7Y_ P(t'a,b)V(d')]

V(b) = max|R(a, b) + ‘Z mﬂa;[v .1 o™ b2 o1 02
B - 5

Complete Maximized Value Function: V2!

12(A2,b) = R{A2, b) + y(max(v - by ) + max(v - by))
sEw vEw

Vib)
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POMDP in Higher Dimensions: Hyperplanes

y (0, 0)
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POMDP Summary

e Complex but Powerful technique
- State explodes upon conversion to MDP
- State becomes difficult to understand upon conversion to MDP
- Unique cohesive method that trades off:
: Value of ascertaining state
: Value of pursuing a goal
» Exist more efficient algorithms:
- Witness Algorithm (Littman ‘94)
- Policy Iteration (Sondik, Hansen ‘97)

* Typically complexity is still prohibitive for large problems
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POMDP Summary

e Canonical solution method 1 — Covered today
- Run value iteration, but now the state space is the space of probability
distributions
:value and optimal action for every possible probability distribution
:will automatically trade off information gathering actions versus actions
that affect the underlying state
e Canonical solution method 2 - Finite-horizon/MPC-style
- Search over sequences of actions with limited look-ahead
- Branching over actions and observations
e Canonical solution method 3 — LQG-style
- Plan in the MDP
- Run probabilistic inference (filtering) to track probability distribution
- Choose optimal action for MDP for what is currently the most likely state
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Active Monocular SLAM Example

* Robot’s trajectory matters !

ontrol objective

robing
-~ aRl
\

Obstacle Goal

Trade-off
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Active Monocular SLAM Example
Scenario
|-[;__|' .‘. I-'
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Active Monocular SLAM Example

Stochastic Performance Index - Dual Effect

1 Contreol Ohj
- - s i Z T o~ i T~
8J = E[ (Xyobot — Xrgpor)” Drobot (Xrobot — Xpgpr) + 1" Reut

T i o 5 o
ot )T Qrobot (Krobot — Xrobot) <—0 L | Perfor

+ (Xrobot — Xro

- T - -
T (xobarac!e = Xobs\‘.o‘c!e) Qobsiacie (xobsiacie - Xabstacfe) |I ]‘”

‘—\“\--, Mapping Performance

-

: S
i X ¥ X

A0
. I T . d T :
J= j (Xrobot = Xyhot) Qrobot(Xrobot = Xrgpee) + 1 R+ Tef Qapang Pspang |t
0

Sungmoon Joo, “SLAM-based nonlinear optimal control approach to robot navigation with limited resources”
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Active Monocular SLAM Example
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