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Manipulation: Linear Dynamics?

2-DOF Robot Arm

92 ¢ —s; 0
T? =1sy e O
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Manipulation: Linear Dynamics?

2-DOF Robot Arm
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Manipulation: Gravity Compensation
1 = (4'.’1 COS(@l)
z dy \
Torque due to gravity:
X ‘)91 m
Ty = —dj cos(0)myg
T, = —dy cos(0y)myg + 7]
Tf = *IXYP{Ql — 9101) — I{df}l
Better: 7 = dicimig — Kp(01 — 014) — Kb
11/06/2014 4
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Manipulation: Gravity Compensation

92 Ty = d]C]
~y
h \Ciz ry = lhLicn +daer
z
dl// ‘)6 Torque Due to Gravity:
X 1
T3 = —dyciamag
= —dicimug — (Licr + dacia)mag

How do we do Position Control?
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Manipulation: Gravity Compensation

02 Ty = die
-
I \dz xy = licp +daco
z
dl// )gm% Torque Due to Gravity:
X é 1
1'29 = —dociamag
1-19 = —dicymig — (lieg + dacia)mag

Position Control with Gravity Compensation:

1| daciama _g | e b1
7|~ |dieimy + (liey + dyerz)ma | ¥ P82 —8aq “ |6,

Gains are typically diagonal matrices
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Manipulation: Gravity & Position
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Manipulation: Full Model Control

M(q)§ +Clq,4)g+G(q) =7

Augmented PD:

M(q)da + C(q.q)qa + G(q) + Ka(q—qa) —Kp(g—qa) =7

Computed Torque:

M(q)(Ga + Ka(q —da) —Kp(qa—qa)) + Clq.q)q+G(q) =7
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Joint Space to Work Space

dx=Jiq W=FTx W=FTix &W=rTsq

Open Loop Force Control T = JTF

Velocity Jacobian for Link Mass i: Jvi Jag =7

: AT
g = gravity vector = [0 0 9.‘0]
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Joint Space to Work Space
x=Jiqg W=FTx W=FTx W=rTiq
Flox = mTdq
FTJoq =7Téq
Open Loop Force Control T = JTF
. . . . T, 9
Velocity Jacobian for Link Mass i: Jvi Jvig =
3= —(ng(mlg) + J;{Z('ng)...J{H(mng))
T=G(q)+JTF
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Manipulation: Workspace Control

M "+C( .)- +G( ) o 7']: = J_TﬂIJT
()4 a4, 4)q D=T & _ st aion

- . = L = G = J7G

M(q)%+C(q.q)x+G(q)=F | 5 _ ;.

F \
i }
. Khatib '80, Murray ‘94

S. Joo (sungmoon.joo@cc.gatech.edu) 11/06/2014 11

Manipulation: Workspace Control

. * . s VM = JTMJT
M(q)q -+ C(q- q)q + G(q) =T C = JT(CT = MY
— .. = . = G = J'G
M(q]x + C(q‘ q)x + G(CI) =F F = JT-

Computed Torque:

F = M(q)(%a + Ka(% — %a) — Kp(x — xa)) + C(q, @)% + G(a)

Gravity Augmented PD:
F=G(q) — Ka(x —%a) — Kp(x — xa)
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Joint Space vs Work Space

Joint Space Trajectory Work Space Trajectory

Joint Space 7 \
Control - JJ

Work Space \

Control _
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Locomotion: Walking

A
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Balance
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Balance
Moment of force (Torque)
m, m,
ry ry
F1><F1+7_’2XF2:0

Fy =mg

Fy = mag
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Biped Walking

5= X
I e Sagittal plane view Coronal Plane View
" d-: E ‘&t"’ I r ’

0
’," Yaw
C' L Pibt_:‘h
- 4 »l
Roll ™' "x ——»
dq
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Inverted Pendulum Model

COM,
mg
z F
COP
(0] X

Center of Mass: COM
Center of Pressure: COP
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Inverted Pendulum Model

COM,
mg
z F
coP [
(0] X

If balanced about O
—COM,mg+ COP,Fsinf =0
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Inverted Pendulum Model

(8]

Moment of Inertia force

0
If the mass is moving with some a eration in x direction
—x-m-g+p-F-sinf+H -m-a=0 z=COM,,p=COP

_x-m-g H-m-i
p= F-sinf  F-sinf
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Inverted Pendulum Model

(8]

0]

At upright pose, F = mg & © = pi/2
H

p=x——=I a=2

9
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Table-Cart Model

P = Zero Moment Point (ZMP)
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Table-Cart Model

Sagittal plane view

Coronal Plane View

M
—»
H . H .
px:m;—t’[j py:y—_
g g
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Footsteps: ZMP vs COM
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Footsteps: ZMP vs COM

Double Support
Single Support
Double Support
Single Support
Double Support

Single Support

L
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Footsteps: ZMP vs COM

Double Support
Single Support
Double Support
Single Support
Double Support

Single Support

ZMP COM?

L
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Linear Optimal Control

Pemp = Xg — T2%g T, = \/g
Pemp = [Tzmp, yZ'rnp]T € R?

x¢ = [z¢, yo]T € R? %:UGRQ
X(t) = [x" (1), %" (8). X" (t)]" € RS

X(k+1) = AX(k) + Bu(k)

y(k:) = Pzmp = CX(]{?) c R2
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Linear Optimal Control
X(t) = [x"(1), %" (1), %" (1)]" € R°
X (k+ 1) = AX(k) + Bu(k)
y(k) = pzmp = CX(k) € R?
L AL, 2°L ST
A=1l0, I, Ad,| eR™ . B=|4°| € R™?
02 02 Ig AtI‘Z
C=[I; 0, —T,] € R**"
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Preview Control

Au(k) = u(k) - u(k — 1)
AX (k) = X(k) — X(k — 1)

Ayai(k) =ya(k) —ya(k — 1)

yalk+1) = ya(k + N) i > N — preview horizon
e(k) = y(k) —ya(k)

AX(k + 1) = AAX(k) + BAu(k)

e(k+1) =e(k) + CAAX(k) + CBAu(k) — Ayq(k +1)
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Preview Control

X (k) = [e7(k), AXT(K), Ay (k + 1), ..., Ay[ (k + N)|T € R+a0N

X(k+1) = AX(k) + BAu(k)

[I, CA|-I, O 0 [ CB
0 A 0 0 0 B
0 0] 0 I, 0 0 0

A=|0 0 0 0 I, 0 O B=
o o 0
0 0 0 0 0 0 I
0 0 0 0 0 0 O 0
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Linear Optimal Control

Qo] o
00 |0Opn

Au*(k) = —Gre(k) — GoAX(k) — SN | G(i)Ayq(k + i)

- - ~ ~ = k-1 _
G, — WPI G, — WPF ng—W([A—BWPA]T> Pi
S CB T Ip . CA A _ |: Qs 0p><n:|
s- [T i-[g] - [R] el %

A=[I F| W=[R+BTPB|'BT

S. Joo (sungmoon.joo@cc.gatech.edu) 11/06/2014 31

Linear Optimal Control

Discrete Algebraic Riccati Equation (DARE)

P — ATPA — APB[R + BTPB|"!BTPA + Q

uertimal(0) = —G,X(0) — S| Gs(j)ya(j)

urtimal(k) = Gy Y1 e(i) — GaX(k) — 70, Ga(h)yalk + j)
Error integral  State F/B F/F(preview)
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ZMP-Preview Biped Walking

33
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