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Potential Fields

: . Qussama
e Potential Function Khatib
- U,(g) Attracts to goal
- U/(qg) Repels from obstacles ‘86

Ufa) + Ulq) = U(q)

— Typically smooth  Because we follow gradient: VU(q)
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Potential Fields
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*Simulation by Leng-Feng Lee@Buffalo Univ.
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Summary: Navigation Algorithms

Complete Optimal Efficiency | Model Required
Bug 1 Yes No ~ No
Bug 2 Yes No Usually > Bl No
Visibility Yes Goal Dist | n?log n + A* Yes
Voronoi Yes Obs Dist | nlog n? + A* Yes
Voronoi Bug Yes Obs Dist r No
Voronoi Brushfire Resolution Obs Dist ~ # cells Yes
Exact Cell Yes No nlog n + A* Yes
Approximate Cell Resolution | Manh. Dist. ~ # cells Yes
Potential Fields No Locally Linear Yes
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Coordinates

« Coordinate System: A set of humbers that specifies configuration e
— Points
— Rigid Bodies
— Articulated Manipulators

» Degrees of Freedom (DOF): Minimal number of independent coordinates

» How many DOF? E
— Point in the plane 2 (x,y)
— Point in 3D 3 (x,y,2) > X gl
— Body in 2D 3(x,y, 6) , Ii H
— Body in 3D 6 (x,y,z, R,P,Y)
— Robot Arm n (# of joints) y
— Humanoid Robot 6+n (Body + # of joints) L > X
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Homogeneous Transform 3D

fa | P Eaty a2

A _ B B A . .

15 = = 2%z +y ip + 225
0 0 0 1

Interpretations: - -
e Maps p? to p* p? =Tpp”
(1) Change the representation of a vector in frame B to frame A
e Transform operator: creates Py from Pi
(2) Change a vector in a frame to another vector (rotated) in the
e Describes frame B relative to frame A
t4 = position of the frame

A
R4 =

A A A
Xp YB ZB]

(3) Unit vectors of frame B represented(expressed) in frame A
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Forward(Direct) Kinematics

1-DOF Robot Arm

P, = 1lcost
Py = lsind
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Forward Kinematics

2-DOF Robot Arm

Pz = l1c1 + lacyo

Py = l1s1 + 3519

c12 = cos(f1 + 62)
519 — 5111(91 + 92}

Pr = lic1 + 1a(c1c0 — $152)

py =151 + l2(s1c2 + c152)
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Forward Kinematics

2-DOF Robot Arm

Jf’;i C1 —51 0
szz'j T? = 51 C1 0
‘} 0 0 1
‘ Cog —859 f1
T; — | &89 Co 0
0 0 1
P 0 Eg—‘
T:=10 1 0
Lu 0 1J
. cicg —s1Sp  —C182 —s1C2  [1¢q c12 —s12 Ll
TQ = T?T% = | 81C9 T C159 —8q189 T CqCy 3151 = 519 C19 3151
0 0 1 0 0 1
Representation of frame2 in frame0 1o —S12 | Licy + lscys
TS = TOT3 = [s12  ci12 | l1s1 + las1o
0 0 1

Representation of frame3 in frame0
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Denavit-Hartenberg (DH) Parameters

First, label the coordinate frames
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DH Parameters

For a revolute joint Next, calculate the parameters:
link a; = the distance from Z; to Z;11 measured along X;
parameters ; = the alllgle between Z; and Z;.1 measured about X;
o d; = the distance from X, 1 to X; measured along Z,
i/c.;lggble — 0; = the angle between X,;_; and X; measured about Z;

*For a prismatic joint: d, is a joint variable
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DH Parameters

T:::_l = ROt(Xi, Oéi_l)T’I“CLTLS(Xi, Cli_l)ROt(Zi, Oi)Trans(Zz-, d@)

cﬁ.‘; —553‘ 0 ;1
~ |sbca;_1 cbica;—1 —sa;—1 —sa;_1d;
st;sa;_1 cb;sa;_1 coy_q co;_qd;
0 0 0 1 |
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DH Parameters

e 4 Parameters describe how frame (i) relates to frame (i-1)
e Compact description of manipulator kinematics
e Mechanical method for deriving transformations

» Widely used as a specification for robot manipulators

*special links — first, last
*special cases — eg. parallel links
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Kinematics

e Forward Kinematics
Mapping from joint angles to link positions

e Inverse Kinematics
Mapping from link positions to joint angles

Goals are defined in world coordinates, not joints coordinates.

S. Joo (sungmoon.joo@cc.gatech.edu) 10/7/2014 14



Inverse Kinematics

Now, given x; andy,; solve for 6,and®g, ‘%
Y, &
e Equations are nonlinear (lots of Trig) %0,
. Cla  —S12 licy + s 23 = 1101 + l5¢q5
T3 = |[s12 ¢12  l1s1 + las12
yz = 181 + [28
0 0 1 Y3 151 2512

e Multiple Solutions

e Not always possible to find closed-form solution
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Configurations Space

Work Space Configuration Space

| \

5
Iy

140 160

Java Applet: Jeff Wiegley, Eric Lee, Ken Goldberg

S. Joo (sungmoon.joo@cc.gatech.edu) 10/7/2014 16



Configuration Space: IK Solution

O b Goal |
Y

Configuration Space w/ Obstacle

How many IK solutions for goal?
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Configuration Space: IK Solution
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Configuration Space: IK Solution

L \ | Goal (%

IK Solutions are: Hard to get, discontinuous, often infinite
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Analytical Methods

o Very fast and numerically stable

e No general solution!
Each solution applies to a particular robot or class of robots

» Requires algebraic/geometric intuition

» Possible for robots with simple kinematics
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Analytical Methods

Robots with simple kinematics: 6 DOF has closed-form IK if either:
e Three consecutive revolute axes intersect at a common point

e Three consecutive revolute axes are parallel

" Wrist Center
‘—
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Analytical IK

 Difficult to find solution & it does not always exist
» Places constraints on robot construction

e The solution is very fast!
ALTERNATIVE:

e Differential Kinematics

S. Joo (sungmoon.joo@cc.gatech.edu) 10/7/2014
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Infinitesimal Changes

Forward Kinematics X — f((l) q — [91, 92, c e On]T
ox = 6f(q)
= [6f1,6f2, ..., 6fm]"
sx = 5
dq
Differential . af(Q) .

q

(Forward) Kinematics X —

dq
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Differential Kinematics

-z dx dx -
% 3> 9.
i i ) y
What is the robot Jacobian? i =
bz 0z Oz
STC R L A 1
30, 06, 50,

. . . . Dialy, Oy Oty
Matrix of Partial Derivatives of T To T
Kinematics w.r.t. each joint variable. |50, 365 56, -
Why is it useful? Sz | bx|ody

ot 06| ot
Workspace velocity Joint Velocity
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Differential Kinematics

- dx Oz
_ _ %1 36
What is the robot Jacobian? T
Oz dz
J(01,.6n) = | 250 852
i g
Matrix of Partial Derivatives of T
. . .. ; dio- dit-
Kinematics w.r.t. each joint variable. |56, 362
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How do we compute J? — Method1

to
. ciz —S19| lici 4 lpeqs] g
T = |s12  c12 l1s1 + l2s1 [4 S 2
0 0 1 01
dx
064
J — _—ES]_ — 32512 ]
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How do we compute J? — Method1

05 .
, |2 e licy + laeqs | d
Tz = |s12 c12 {151+ lasyo l1 ‘ 2
0 0 1 61

ox dx

061 063

J — [—351 — l9819 —32512“
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How do we compute J? — Method1

By
€l —S12  licy + laeq il
TE = |s12  c12  li1s1 + lasio l4 <
0 0 1 %6,
dx dx
36, 382
J — —ls1 — l2819 —32512]
lie1 +lac12 l2c12
oy oy
361 362
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How do we compute J? — Method2

Rigid body angular motion

vp = XDp

Rigid body linear + angular motion

VB/A

{A}

v

Vp =VB/A+ Vp/B + Qp X Xp/B
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How do we compute J? — Method2

Consider the propagation of velocities: linear velocity & angular velocity

d; = the distance from X;_; to X; measured along Z;
#; = the angle between X;_; and X; measured about Z;

Linear velocity propagation V; = V,;,_1 +w;_1 X Pi—1 + d; Z;

Angular velocity propagation wW; — W;_1 + ();
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How do we compute J? — Method2

Linear velocity propagation Vi+1 = Vi + Ww; X P; + qit14it1

\ }
|

vV = Z (€:Vi+ (1 —€)(Q X pi)) Prismatic Joint V;
— Z (€i¢iZi + (1 — €;)(GiZ; X Py))

€;

B {1 for prismatic joint

0 for revolute joint

Angular velocity propagation Ww;t+1 — W; + Qi—l—l (), = QzZz
\ J

Z( ) 7 Revolute Joint
= 1 —€)qiZi

{1 for prismatic joint

€, —

0 for revolute joint
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How do we compute J? — Method2

Te = lycg + lacyo + 30193

To_ | X ¥i % pJ ﬁ Ye = l151 + 2512 + [35123

;o 1 for prismatic joint
‘ 0 for revolute joint
z y - - - -
To. [ 0 ] (prismatic joint) . .
7 } =t | V=) (6GiZi+ (1 - €)(GZ; x pi))
: L (revolute joint)
W = 5 (1 —€)qZ;
[ 1151 — [3812 — I35123 |
lic1 + lae1a + I3c103
0 0 lier + laeia + [3c123
J = 0 Of x [lis1 + 12512 + 35103
0 1 0
L 1 -
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How do we compute J? — Method2

(prismatic joint)

' ] (revolute joint)

re = licy 4+ lreys 4 13¢193

Ye = 151 + 12519 + I35193

[ —l1s1 — las12 — I3s123  —las12 — 35123
lier +laera +13e123 laerz +lzeq23 0 lie1 + lsern + lzcia3 - licy |
J = 0 0 0] = 31 51 + 32312 + 535123 — 31 51
0 0 1 0
0 0 )
] 1 1
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How do we compute J? — Method2

0 — X ¥ E P-;—‘
(0 0 0 1J
L'ITP-I. :'Fpﬂ
J = | .
Jo1 JQJ
Z;
[ JPi _ 0
Joi - Z; % Py
L
[—1151 — lps12 — l35123
lie1 + lae1a + I3c123
0
o= 0
0
i 1

re = lyey + lbeps 4+ lsc103

~ Ye = l151 + 2512 + l35193

(prismatic joint) P] [3161 +lae1a + lze123 { (Lier + laern

} (revolute joint) L

—lo519 — 35123  —l35123

lac1a + l3c123
0

0
0
1

0

——

% (l1s1 + las1a + l3s123 o (151 + lasqo
1| 0

l[3€103
0

0
0
1

S. Joo (sungmoon.joo@cc.gatech.edu)

10/7/2014

34



How do we compute J? — Method3

1. Simulate a small displacement AB, for each joint

2. Observe Ax and numerically compute J]
e | ess accurate, more time consuming

e Sometimes the only option
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Gradient IK - How do we use J?

e Workspace goal

e How do we get a joint space goal?

e Assuming 6 D.O.F and J is full rank: Aq = J-1Ax
Iterate until convergence x; = f(q;)
o Otherwise Still Possible (Pseudo-Inverse & Variants): J* = JT (JJ7 )-1
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Gradient IK

e Generally applicable to n-DOF kinematics
e Many existing implementations
e Slower and unstable around singularities
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Goals for manipulators are really that complicated!
Add what it takes to represent obstacles:

But, does this remind you of anything?

AqQ = J-1AX
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Planning — Manipulator + Potential Field

Oussama
Khatib

‘86

Uja)  + U () = U(a)
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Planning — Manipulator + Potential Field

e First effective planning method for high-DOF robot arms
e Very fast (potential fields)

However:

e Local Minima

e Complex obstacle representation

e For Soundness must define obstacles with respect to each link
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Planning — Manipulator + Potential Field

Combine Kinematics & Geometric Planning

e Roadmap Methods:
— Visibility Graphs
- No polygons in C-space.
— Voronoi Diagrams
- Canny’s Thesis: NP-hard Algorithms for Motion Planning

e Cell Decomposition:
— Exact
- Same troubles as Visibility Graphs.
— Approximate
- Ok for 2-3 dimensions
- Good luck in 4+ dimensions
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Kinematic Planning Algorithms
Z
e Pre-1980
— Mainly 2D, 3D planners Y X
— In case of kinematics: y

—>Ignore robot geometry
—>Robot is an ethereal entity that obeys kinematics

e 1980s
— Potential Fields!
-> First feasible SOUND solution
—> Locally optimal control strategy
- Not globally complete or optimal
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Can we solve these planning problems?

“Planning Algorithms”, S. Lavalle

http://www.kavrakilab.org/robotics/prm.html
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Key Idea

e What did Visibility, Voronoi, Cells, Fields have in common?
- Some form of explicit environment representation
- Attempt at some form of optimality

e New concepts from 1990s:
- Forget optimality altogether
- Focus on Completeness
- Think about Free Space
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A New Kind of Roadmap

e Previous roadmaps used features
related to actual obstacle features.

e Lydia Kavraki ‘94, '96 — Present

e Mark Overmars 92, ‘96 - Present « Probabilistic Roadmaps (PRM)
- Features: Sampled free points
- Edges: Verified connections

7

“Probabilistic roadmaps for path planning in high-dimensional configuration spaces’
By Kavraki, Svestka, Latombe, and Overmars, 1996, IEEE Transactions on
Robotics and Automation
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Probabilistic Roadmap: Step 1

Randomly sample a configuration: P Keep only if P is in Free Space
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Probabilistic Roadmap: Step 1

Randomly sample a configuration: P Keep only if P is in Free Space
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Probabilistic Roadmap: Step 2

For each node P find k nearest neighbors: Q; ... Q,
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Probabilistic Roadmap: Step 3

For each node P find k nearest neighbors: Q; ... Q,

(o

L
¢ _H‘I
Mo

Use a local planner to test connectivity between P and Q.
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Probabilistic Roadmap: Step 3

For each node P find k nearest neighbors: Q; ... Q,

Use a local planner to test connectivity between P and Q:

What could be a local planner? What happens next?
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Probabilistic Roadmap: Step 4

For each node P find k nearest neighbors: Q; ... Q,

Use a local planner to test connectivity between P and Q:

Find a path: Uniform Cost, A*, ...
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We can solve these planning problem

G S]]~ ]

http://lwww.kavrakilab.org/robotics/prm.html http://www.youtube.com/watch?v=FRGzsyXHBqQ
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